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Superconductivity at open.edu
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The time dependent Ginzburg-Landau (TDGL) equation

∂Ψ

∂t
= −

(
i

κ
∇+A

)2

Ψ + Ψ− |Ψ|2 Ψ (1)

σ
∂A

∂t
=

1

2iκ
(Ψ∗∇Ψ−Ψ∇Ψ∗)− |Ψ|2A−∇× (∇×A−Ba) (2)

Boundary conditions

∇Ψ · n = 0, on ∂Ω (3)

∇×A = Ba, on ∂Ω (4)

A · n = 0, on ∂Ω (5)

T.S. Alstrøm et al. Acta Appl. Math 115 (2011) 63

4/39 Andrii Kutsyk November 25, 2020

https://link.springer.com/article/10.1007/s10440-010-9580-8


The time dependent Ginzburg-Landau (TDGL) equation

The time dependent Ginzburg-Landau (TDGL) equation

∂Ψ

∂t
= −

(
i

κ
∇+A

)2

Ψ + Ψ− |Ψ|2 Ψ (1)

σ
∂A

∂t
=

1

2iκ
(Ψ∗∇Ψ−Ψ∇Ψ∗)− |Ψ|2A−∇× (∇×A−Ba) (2)

Boundary conditions

∇Ψ · n = 0, on ∂Ω (3)

∇×A = Ba, on ∂Ω (4)

A · n = 0, on ∂Ω (5)

T.S. Alstrøm et al. Acta Appl. Math 115 (2011) 63

4/39 Andrii Kutsyk November 25, 2020

https://link.springer.com/article/10.1007/s10440-010-9580-8


The time dependent Ginzburg-Landau (TDGL) equation

Numerical solution of TDGLE
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(1996) 254.
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Finite elements approximation

Q. Du, Comp. & Math. Appl., 27 (1994)
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(2011) 63

5/39 Andrii Kutsyk November 25, 2020

https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://aip.scitation.org/doi/10.1063/1.2012127
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.comsol.eu/search/?s=superconductor
https://link.springer.com/article/10.1007/s10440-010-9580-8
https://link.springer.com/article/10.1007/s10440-010-9580-8


The time dependent Ginzburg-Landau (TDGL) equation

Numerical solution of TDGLE

Finite di�erence approximation

W.D. Gropp et al. J. Comp. Phys., 123
(1996) 254.

M.V. Milo�sevi�c, Physica C, 470 (2010)
791.

Q. Du, J. Math. Phys., 46 (2005) 095109.

Finite elements approximation

Q. Du, Comp. & Math. Appl., 27 (1994)
119.

COMSOL o�cial web-site

T.S. Alstrøm et al. Acta Appl. Math 115
(2011) 63

5/39 Andrii Kutsyk November 25, 2020

https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://aip.scitation.org/doi/10.1063/1.2012127
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.comsol.eu/search/?s=superconductor
https://link.springer.com/article/10.1007/s10440-010-9580-8
https://link.springer.com/article/10.1007/s10440-010-9580-8


The time dependent Ginzburg-Landau (TDGL) equation

Numerical solution of TDGLE

Finite di�erence approximation

W.D. Gropp et al. J. Comp. Phys., 123
(1996) 254.

M.V. Milo�sevi�c, Physica C, 470 (2010)
791.

Q. Du, J. Math. Phys., 46 (2005) 095109.

Finite elements approximation

Q. Du, Comp. & Math. Appl., 27 (1994)
119.

COMSOL o�cial web-site

T.S. Alstrøm et al. Acta Appl. Math 115
(2011) 63

5/39 Andrii Kutsyk November 25, 2020

https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://aip.scitation.org/doi/10.1063/1.2012127
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.comsol.eu/search/?s=superconductor
https://link.springer.com/article/10.1007/s10440-010-9580-8
https://link.springer.com/article/10.1007/s10440-010-9580-8


The time dependent Ginzburg-Landau (TDGL) equation

Numerical solution of TDGLE

Finite di�erence approximation

W.D. Gropp et al. J. Comp. Phys., 123
(1996) 254.

M.V. Milo�sevi�c, Physica C, 470 (2010)
791.

Q. Du, J. Math. Phys., 46 (2005) 095109.

Finite elements approximation

Q. Du, Comp. & Math. Appl., 27 (1994)
119.

COMSOL o�cial web-site

T.S. Alstrøm et al. Acta Appl. Math 115
(2011) 63

5/39 Andrii Kutsyk November 25, 2020

https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://aip.scitation.org/doi/10.1063/1.2012127
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.comsol.eu/search/?s=superconductor
https://link.springer.com/article/10.1007/s10440-010-9580-8
https://link.springer.com/article/10.1007/s10440-010-9580-8


The time dependent Ginzburg-Landau (TDGL) equation

Numerical solution of TDGLE

Finite di�erence approximation

W.D. Gropp et al. J. Comp. Phys., 123
(1996) 254.

M.V. Milo�sevi�c, Physica C, 470 (2010)
791.

Q. Du, J. Math. Phys., 46 (2005) 095109.

Finite elements approximation

Q. Du, Comp. & Math. Appl., 27 (1994)
119.

COMSOL o�cial web-site

T.S. Alstrøm et al. Acta Appl. Math 115
(2011) 63

5/39 Andrii Kutsyk November 25, 2020

https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://aip.scitation.org/doi/10.1063/1.2012127
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.comsol.eu/search/?s=superconductor
https://link.springer.com/article/10.1007/s10440-010-9580-8
https://link.springer.com/article/10.1007/s10440-010-9580-8


The time dependent Ginzburg-Landau (TDGL) equation

Numerical solution of TDGLE

Finite di�erence approximation

W.D. Gropp et al. J. Comp. Phys., 123
(1996) 254.

M.V. Milo�sevi�c, Physica C, 470 (2010)
791.

Q. Du, J. Math. Phys., 46 (2005) 095109.

Finite elements approximation

Q. Du, Comp. & Math. Appl., 27 (1994)
119.

COMSOL o�cial web-site

T.S. Alstrøm et al. Acta Appl. Math 115
(2011) 63

5/39 Andrii Kutsyk November 25, 2020

https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://aip.scitation.org/doi/10.1063/1.2012127
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.comsol.eu/search/?s=superconductor
https://link.springer.com/article/10.1007/s10440-010-9580-8
https://link.springer.com/article/10.1007/s10440-010-9580-8


The time dependent Ginzburg-Landau (TDGL) equation

Numerical solution of TDGLE

Finite di�erence approximation

W.D. Gropp et al. J. Comp. Phys., 123
(1996) 254.

M.V. Milo�sevi�c, Physica C, 470 (2010)
791.

Q. Du, J. Math. Phys., 46 (2005) 095109.

Finite elements approximation

Q. Du, Comp. & Math. Appl., 27 (1994)
119.

COMSOL o�cial web-site

T.S. Alstrøm et al. Acta Appl. Math 115
(2011) 63

5/39 Andrii Kutsyk November 25, 2020

https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://aip.scitation.org/doi/10.1063/1.2012127
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.comsol.eu/search/?s=superconductor
https://link.springer.com/article/10.1007/s10440-010-9580-8
https://link.springer.com/article/10.1007/s10440-010-9580-8


The time dependent Ginzburg-Landau (TDGL) equation

Numerical solution of TDGLE

Finite di�erence approximation

W.D. Gropp et al. J. Comp. Phys., 123
(1996) 254.

M.V. Milo�sevi�c, Physica C, 470 (2010)
791.

Q. Du, J. Math. Phys., 46 (2005) 095109.

Finite elements approximation

Q. Du, Comp. & Math. Appl., 27 (1994)
119.

COMSOL o�cial web-site

T.S. Alstrøm et al. Acta Appl. Math 115
(2011) 63

5/39 Andrii Kutsyk November 25, 2020

https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/pii/S0021999196900224
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://www.sciencedirect.com/science/article/abs/pii/S0921453410001632
https://aip.scitation.org/doi/10.1063/1.2012127
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.sciencedirect.com/science/article/pii/0898122194900914
https://www.comsol.eu/search/?s=superconductor
https://link.springer.com/article/10.1007/s10440-010-9580-8
https://link.springer.com/article/10.1007/s10440-010-9580-8


The time dependent Ginzburg-Landau (TDGL) equation

Vortex dynamics in type-II superconductors

T.S. Alstrøm et al. Acta Appl. Math 115 (2011) 63
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TDGLE in COMSOL

General form PDE interface

General form PDE

ea
∂2u

∂t2
+ da

∂u

∂t
+∇ · Γ = F

Dirichlet boundary conditions

R = 0, on Ω

R = R(x, y, t,u,ux,uy)

Neumann boundary conditions

−n · Γ = G+

(
∂R

∂u

)T
· µ, on Ω

Γ = Γ(x, y, t,u,ux,uy), G = G(x, y, t,u,ux,uy)

Zero �ux

−n · Γ = 0, on Ω
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TDGLE in COMSOL

Notation

Ψ =

(
u1

u2

)
, ∇ =

(
∂x ∂y

)
, A =

(
u3

u4

)
The Eq. (1) ∂Ψ

∂t
= −

(
i
κ
∇+A

)2
Ψ + Ψ− |Ψ|2 Ψ we can rewrite as:

∂t

(
u1

u2

)
= −

(
i

κ
∇+A

)2(
u1

u2

)
+

(
u1

u2

)
− (u2

1 + u2
2)

(
u1

u2

)

∂tu1 = ∇ ·
(
u1x/κ

2

u1y/κ
2

)
+

1

κ
(u3x + u4y)u2 +

2

κ
(u3u2x + u4u2y)− (u2

3 + u2
4)u1+

u1 − (u2
1 + u2

2)u1

∂tu2 = ∇ ·
(
u2x/κ

2

u2y/κ
2

)
− 1

κ
(u3x + u4y)u1 −

2

κ
(u3u1x + u4u1y)− (u2

3 + u2
4)u2+

u2 − (u2
1 + u2

2)u2

8/39 Andrii Kutsyk November 25, 2020



TDGLE in COMSOL

Notation

Ψ =

(
u1

u2

)
, ∇ =

(
∂x ∂y

)
, A =

(
u3

u4

)
The Eq. (1) ∂Ψ

∂t
= −

(
i
κ
∇+A

)2
Ψ + Ψ− |Ψ|2 Ψ we can rewrite as:

∂t

(
u1

u2

)
= −

(
i

κ
∇+A

)2(
u1

u2

)
+

(
u1

u2

)
− (u2

1 + u2
2)

(
u1

u2

)

∂tu1 = ∇ ·
(
u1x/κ

2

u1y/κ
2

)
+

1

κ
(u3x + u4y)u2 +

2

κ
(u3u2x + u4u2y)− (u2

3 + u2
4)u1+

u1 − (u2
1 + u2

2)u1

∂tu2 = ∇ ·
(
u2x/κ

2

u2y/κ
2

)
− 1

κ
(u3x + u4y)u1 −

2

κ
(u3u1x + u4u1y)− (u2

3 + u2
4)u2+

u2 − (u2
1 + u2

2)u2

8/39 Andrii Kutsyk November 25, 2020



TDGLE in COMSOL

∂tu1 + ∇ ·
(
−u1x/κ

2

−u1y/κ
2

)
︸ ︷︷ ︸

Γ1

= F1

F1 = − 1

κ
(u3x + u4y)u1 −

2

κ
(u3u1x + u4u1y)− (u2

3 + u2
4)u2

∂tu2 + ∇ ·
(
−u2x/κ

2

−u2y/κ
2

)
︸ ︷︷ ︸

Γ2

= F2

F2 = −(u2
3 + u2

4)u2 −
1

κ
((u3x + u4y)u2 + u3u1x + u4u1y) + u2 − (u2

1 + u2
2)u2

∇Ψ · n = 0 ≡ −n · Γ = 0
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TDGLE in COMSOL
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TDGLE in COMSOL

The Eq. (2) σ ∂A
∂t

= 1
2iκ

(Ψ∗∇Ψ−Ψ∇Ψ∗)− |Ψ|2A−∇× (∇×A−Ba) we
can rewrite as:

σ∂tu3 = (u1u2x − u2u1x)/κ− (u2
1 + u2

2)u3 −∇ · (0, u4x − u3y −Baz)T

σ∂tu4 = (u1u2y − u2u1y)/κ− (u2
1 + u2

2)u3 −∇ · (−u4x + u3y +Baz, 0)T

σ∂tu3 +∇ · (0, u4x − u3y −Baz)T︸ ︷︷ ︸
Γ3

= (u1u2x − u2u1x)/κ− (u2
1 + u2

2)u3︸ ︷︷ ︸
F3

σ∂tu4 +∇ · (−u4x + u3y +Baz, 0)T︸ ︷︷ ︸
Γ4

= (u1u2y − u2u1y)/κ− (u2
1 + u2

2)u3︸ ︷︷ ︸
F4

∇×A = Ba ≡ −n · Γ = 0
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TDGLE in COMSOL

How to implement the boundary condition:

A · n = 0, on ∂Ω ?

Use dummy function u5!!!

∇ ·
(

u3

u4

)
︸ ︷︷ ︸

Γ5

= u3x + u4y + u5︸ ︷︷ ︸
F5
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TDGLE in COMSOL

ea
∂2u

∂t2
+ da

∂u

∂t
+∇ · Γ = F

ea = 0, da = diag {1, 1, σ, σ, 0}

Γ =


(−u1x/κ

2,−u1y/κ
2)T

(−u2x/κ
2,−u2y/κ

2)T

(0, u4x − u3y −Baz)T
(−u4x + u3y +Baz, 0)T

(u3, u4)T

 , F =


F1

F2

(u1u2x − u2u1x)/κ− (u2
1 + u2

2)u3

(u1u2y − u2u1y)/κ− (u2
1 + u2

2)u3

u3x + u4y + u5



Zero �ux

−n · Γ = 0, on Ω

Initial conditions

u1 = 1, u2 = 0, u3 = 0, u4 = 0, u5 = 0
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PDE simulation �owchart

PDE simulation �owchart

1 Model initialization

2 Global and local de�nitions

3 Geometry settings

4 PDE interface settings

5 Mesh generation

6 PDE solution

7 Postprocessing
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PDE simulation �owchart Model initialization

Model initialization
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PDE simulation �owchart Model initialization
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PDE simulation �owchart Global and local de�nitions

Global and local de�nitions
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PDE simulation �owchart Geometry settings

Geometry settings
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PDE simulation �owchart Geometry settings
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PDE simulation �owchart PDE interface settings

PDE interface settings
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PDE simulation �owchart PDE interface settings
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PDE simulation �owchart PDE interface settings
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PDE simulation �owchart PDE interface settings
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PDE simulation �owchart Mesh generation

Mesh generation
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PDE simulation �owchart PDE solution

PDE solution
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PDE simulation �owchart PDE solution
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Cooper pair density |ψ|2, Baz = 0.8
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PDE simulation �owchart Postprocessing

Parametric sweep
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PDE simulation �owchart Postprocessing

Cooper pair density |ψ|2 dependence on Ba
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Thank you for attention!
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Appendix

The time dependent Ginzburg-Landau (TDGL) equation

~2

2mD

(
∂

∂t
+ i

q

~
Φ

)
Ψ = − 1

2m

(
~
i
∇− qA

)2

Ψ + αΨ− β |Ψ|2 Ψ

σ

(
∂A

∂t
+∇Φ

)
=

q~
2mi

(Ψ∗∇Ψ−Ψ∇Ψ∗)− q
2

m
|Ψ|2A− 1

µ0
∇×(∇×A−Ba)

Boundary conditions (
~
i
∇Ψ− qAΨ

)
· n = 0, on ∂Ω

Bi = Ba, on ∂Ω

(
∂A

∂t
+∇Φ

)
· n = 0, on ∂Ω

T.S. Alstrøm et al. Acta Appl. Math 115 (2011) 63
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Appendix

Normalization

(x, y, z, t) =

(
λx′, λy′, λz′,

ξ2

D
t′
)
, A =

~
qξ
A′

Ψ =

√
α

β
Ψ′, Φ = αDκ2

√
2µ0

b
Φ′, σ =

1

µ0Dκ2
σ′

(
∂

∂t
+ iκΦ

)
Ψ = −

(
i

κ
∇+A

)2

Ψ + Ψ− |Ψ|2 Ψ

σ

(
∂A

∂t
+∇Φ

)
=

1

2iκ
(Ψ∗∇Ψ−Ψ∇Ψ∗)− |Ψ|2A− (∇×A−Ba)

Boundary conditions (
~
i
∇Ψ +AΨ

)
· n = 0, on ∂Ω

Bi = Ba, on ∂Ω(
∂A

∂t
+∇Φ

)
· n = 0, on ∂Ω

T.S. Alstrøm et al. Acta Appl. Math 115 (2011) 63
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Appendix

Gauge invariance

Ψ̃ = Ψeiκχ, Ã = A+∇χ, Φ̃ = Φ− ∂χ

∂t

Zero electric �eld potential gauge

Φ̃ = 0

∂χ

∂t
= Φ
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