1 Finite fields

A set £ is a commutative ring if two binary operations: addition and multipli-
cation (both commutative and associative) are defined.

The simplest example of a ring is a set of natural numbers {0,1,.... N — 1} =
Zn, where the algebraic operations are taken by mod N.

A field F is a commutative ring with division, i.e. for any a € F there exists
a~! € F so that

ala=aat =1

(excluding the zero element).

Elements of a field form commutative (abelian) groups with respect to ad-
dition F' and multiplication F* = F — {0}.

The characteristic of a finite field is the smallest integer p, so that

pl=1+1+.41=0
N——

p times

and it is always a prime number.

Any finite field contains a prime subfield Z, and has p" elements, where n
is a natural number.

The finite field containing p™ elements is unique and is usually called a Galois
field, GF(p™).

GF(p") is an extension of degree n of Z,, i.e. elements of GF(p") can be
obtained with Z, and all the roots of an irreducible polynomial (it cannot be
factorized in Z,) with coefficients in Z,.

The multiplicative group of GF(p™) : GF(p")* = GF(p") — {0} is cyclic
0" =0,0 € GF (p™). The generators of this group are called primitive elements
of the field.

A primitive element of GF(p™) is a root of an irreducible polynomial of
degree n over Z,. This polynomial is called a minimal polynomial.

Example of non prime fields let us consider the roots of the following irre-
ducible on Z5 polynomial:

22+r+1=0,

then, if 0 is a root of this polynomial, then the elements
{0,1,0,°=0+1=0""}

satisfy the following summation and multiplication rules

4 0 1 0 61

) 1 z z_l 0 0 1 a 6!
0w ol 1 1 1 0 =1 0
P 0 0 0 =t 0 1
o=t o7t 4 1 0

Multiplication table
Summation table



and form the finite field GF(2?); the element 6 is the generator of the multim-
plicative group GF(22)*.

One should be careful with factorization of polynomials over finite fields, say
the polynomial 22 + 1 is not irreducible over Zs:

22+ 1=(z+1)(z+1).

The map o — aP, where @ € GF(p™) is a linear automorphism of GF(p™).
(a+ B =aP + P, (aB)’ = oS, which is called Frobenius automorphism:

of(a) =a”" .

The elements of the prime field are invariant under action of the Frobenius
automorphism.
The trace operation

n—1
tr(a) —ata’+..+a = Zak(a), (1)
k=0

maps any field element into an element of the prime field,

tr: GF(p") — 2, ,

a tr(a)

(and thus, leaves the elements of the prime field invariant) and satisfies the

property
tr(ag + ag) = tr(ag) + tr(asg). (2)

In the above example of GF(2?) we in particularly obtain:

tr(0) = 0+60°=0+60+1=1,
tr(0?) = P +0'=0+1)+0=1,
tr(0®) = tr(1)=14+1=0,

tr(0) = 0.

The additive characters are defined as
271
) = exp [ hir(a)].
p
and possess two important properties:

x(a1 + az) = x(a1)x(a2)

Z x(a) = 0.

a€GF(pm)

and



Any finite field GF(p™) can be also considered as an n-dimensional linear
vector space and there is a basis {o;,j = 1,..,n} in this vector space, so that
any

a € GF(p"), a:Zajaj, a; € Z,.

j=1

Then, for any f(«) one have

Z fla)= Z fla1o1 + ... + anop). (3)

aeGF(pm™) A1y.es0n

There are several bases, e.g. the polynomial basis {1,0,6?,...,6" '}, where

0 is a primitive element of GF(p"); the normal basis {6, 6, ...,91)”71}, SO one
can choose whichever according to the specific problem.

Two bases {ay, ..., } and {8, ..., 3, } in the same field are dual if tr (o 3;) =
6ij-

A basis which is dual to itself is called self-dual basis, tr (o) = d;;.

In the case of GF (22) the elements {6, 6%} are roots of the primitive poly-
nomial The polynomial basis is {1,0}, whose dual basis is {6%, 1}

tr (16*) =1, tr(11) =0,
tr (06°) =0, tr(01)=1.

The basis {6, 6%} is self-dual:

tr(09) =1, tr(06%) =0,
tr (0°0) =0, tr(0%6°) =1.

The self-dual basis can not always be found and the following important
Theorem takes place:

Theorem. For every prime power d = p™, there exists an almost self-dual
basis of GF (p™) over Z,. Moreover, it has a self-dual basis if and only if either
p is even or both n and p are odd.

The almost self-dual basis satisfies the properties: tr(6;0;) = 0 when i # j
and tr (93) = 1, with one possible exception. For instance, in the case of GF (32)
a self-dual basis does not exist and two elements {92, 6?4} , 0 being a root of the
irreducible polynomial 2 + z 4+ 2 = 0, form an almost self-dual basis, i.e.

tr (0°0*) =1,  tr(0'0") =2,  tr(6°0*) =0.

In the case of power of prime dimensions instead of natural numbers we have to
use elements of the finite field GF'(d) to label states of the system and operators
acting on the corresponding Hilbert space. In particular, we will denote as

o), a« € GF(d), (a|B)=10az.

an orthonormal basis in the Hilbert space of the quantum system.



Operationally, the elements of the basis can be labelled by powers of primi-
tive elements. These vectors will be considered as eigenvectors of the generalized
position operator which belong to the generalized Pauli group, which generators
are

Zsla) = x(@B)la), Xsla)=la+8), aBeGF(d), (4
7 = Z.5 Xj=Xo, (5)

so that
ZoXp = x (aff) XpZa,

where x(0) is an additive character

271,
) = e |2 0)] )
The characters (6) satisfy the following properties:
> x(@f)=ddos  x(a+B)=x(@)x(B) . (7)
Q€GF(d)
The operators (4) are related through the finite Fourier transform operator

F:id Z x(aB)|a) (8], FF'=F'F=1I, ®
a,B€GF(d)

so that

FX,Ft =2, 9)

and F* = I for d = p" where p # 2, and F? = I for d = 2".
The conjugate basis, which is related to the basis |a)

@ =Fla),  Zgla)=la+B), Xsla)=x"(eB)l@),  (10)

the elements of the conjugate basis are eigenvectors of the Xz operators.
Application: n - partite system with p energy levels. Hilbert space

Ha = Hy @ Hp.. @ H,p
fare labelled by elements of the basis
{01,...,on} ra=a101 +... +ano,, aj € 2,

so that
la) = |a1), ®@...® |an), =la1,...,an),
the coefficients a; play the role of quantum numbers of each particle.
Example: GF(22) the state

(10) + o)) /V2 & (00) + [11)) /V2



in the self-dual basis (¢,0?)
The operators Z,, are factorized into a product of single particle Z operators

Zoy = Z"®...Q0Z4,
Xgo = X"®...02",
a = a01+...+a,0,
B = bjoi+...+b,0,

The displacement operators

D(Oé,,@) = ¢(O‘a/6) ZaXB’ (11)
(12)
¢(a,8)¢" (a,8) = 1 (13

Orthogonality

Tr [D (alvﬁl) D (OQ?ﬁQ)] = dé*ahaz(sfﬁlﬁw

where Tr means the operational trace in the Hilbert space,
Phase condition char (GF (d)) # 2

¢(OL,B)¢(*O[, 7[_3) :X(*Oéﬁ), (14)
char (GF (d)) = 2,
¢* (@, B) = x (af), (15)

which is equivalent to D' (o, 8) = D (a, B).
The discrete space GF (d) x GF (d): a set of points (a, 8) € GF (d) x GF (d)

Lines:

Ca+nf =1,

where ¢, 7,0 are some fixed elements of GF' (d) is called a straight line.
Rays
a=0, or [=p«x (16)

so that &« = 0 and 8 = 0 are the vertical and horizontal axes

There are d — 1 parallel lines to each of d 4+ 1 rays, so that the total number
of lines is d(d + 1).

The displacement operators labelled with points of the phase space belonging
to the same ray commute

ZD&1X51:#0¢1 ZOAQXﬁQZ#OQ = ZOQXﬁz:#DQ ZOélXﬁlzﬂoq ,

and thus, have a common system of eigenvectors {|¢}), u,v € GF (d)}:



GF(4) o’ Z X,
(2 qubits) . 2 ./

o
< , a
O o O+ Elements
T of the field
(a,B) = Z, X,

Figure 1:

Equation of a straight line: ‘ﬂ"’/fﬂ:% vV, W,y - fixed elements OfGF(ZN)

line-ray: f=«

parallel line: f=a+o

___ some other line: # = oa + o?

Rays: a =0, = ua

c o O fixed element of GF(2")

Figure 2:



ZoXualty) = xlaw)exp(ie (a, pn))|vy), (17)
(18)
[Wh) = Xu[vh), (19)

where p is fixed
’12}10,> =F |¢3> = |i) are the eigenstates of the X operators (displacement

operators labelled with the points of the ray o = 0 - vertical axis).

The state %) is associated with the line 8 = pa + v.

The "rotation" operators V), transform eigenstates of the operators associ-
ated with the ray 8 = p« into eigenstates of the operators corresponding to the

ray 8= (n+p')

ViZo V] = exp(i¢ (v, 1) Za X pas VX, ]=0, Vo=1I,
where
CrtauCrpu = exp(ip (o, p))x (—pak) .
In particular, for k = 0 we obtain
exp(ip (o, 1)) = Ca,ucs,u = Ca,p, (20)

that is

Chta,uCrpy = CauX (—HOK) (21)



and substituting o = 0 we get |c, |2 =1
For fields of odd charactaristics

o =x (27167 (22)

which implies that ¢, e = Cx pt e and in particular ¢
the relation VJ =V_,.

V,, transforms a state associated with the ray A, into a state associated with
the ray A 4.

4 = Cr,—p, leading to

ViV = Vi, (23)
Thus, for all u,v € GF (d), i.e.

V.
A =5 A (24)

For char(GF (d)) = 2 it follows from (21) that (substituting x = «)
= x(’n), (25)

V2 is not the identity operator

Vi= Y GuRGE= Y x(Ku) R

KEGF(2n) KEGF(2m)

Example:GF (22)
Vb :diag<1717i7 _i)v ‘/02 :diag(laivlv_i)a ‘/93 :diag(luivia_l)v (26)
we obtain the following phase factors appearing in the displacement operator:

0(0.0) =14,  ¢(0,0°)=1,  $(0,6°) =1,
P(0°,0) =1,  ¢(0°,0°) =i,  $(6°,0°) =1,
¢(935 9) = _ia ¢(93,02) = _ia ¢(937 93) -1

MUB states {|¢%), u,v € GF (d)} associated to lines 5 = pa + v

/ 1
(k| ) = = mFH

Mapping kernels

09 (B == S x(eA—Br) D (s N [E DN O], @7)

#,AEGF(d)
So that, in any self-dual basis for char (GF (d)) # 2

0 (a, B) = R ) (v, B;)
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Figure 4:

The symbols of the operators Z,, and X are

Wz, (avﬁ) =X (BK’)7 Wx, (O‘aﬁ) =X (_a>‘)

Symbols of the states

Tomographic condition

DY

VVWJ‘V‘) (a» ﬁ) = 5B,ua+u

w (a’a 6) 6B,ua+u = <¢lzj| P |¢5> s

a,BEGF(d)

Reconstruction relation

p=">_ Tr(pll(a,B))

a,f

I(a, B)

N——
projectors to the states
corresponding to lines crossing («, )

There are not only lines, but also "curves"

ﬂ = fu(a)

so that the commuting set of operators is

Zo‘ Xfu (@)

(28)

(29)



Universidad de Guadalajara

Single qubit tomography

(] n
SO | PR EY Yy T

Measurement in z-basis {| 0), |1>} = Poos Pu

Measurement in x-basis, {' 0)+[1) : 1)~ |1>} = Re py, N |:Poo ,001}

2 2
f_ VB _ P Pu
Measurement in y-basis, {|0>\J/rl|1> , |0>\}'|1>} = Imp,
2 2

Relation between z, x and y bases:| n>x =U, WUV | n>z ,n=0,1

local transformations

3 measurement sets

Figure 5:
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Universidad de Guadalajara
Two qubit tomography:

Measurements in zz - basis = Py 001 L1111+ Poo 11 Pi1.00

Measurements in locally rotated basis

U%,|n), |n,), = non-diagonal elements + diagonal elements

Xz

,(00|U i,OUi |00y, = Poo.o0 T LPoroo T Pooo T Piroo

1 . Q
U y n,n,), = non-diagonal elements + diagonal elements
| —

yz
(00]U )I,PU)l, 100) = 250,00 — Pr1a1 +1P01.00 — 191000

9 measurement sets + accumulations of errors

Figure 6:

a=c’f+p°

Figure 7:
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Figure 8:

Typical form of the Wigner function for N-qubit stateSpin coherent state
[n)q|n)s...|n)x

Correlation detection
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Figure 9:
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Detecting quantum correlations

The Q-function for a factorized state \§> = \n}l ...‘n>N

Q\f\ (Ol,ﬂ) . Q“I’>:X0Rij\§>(a’ﬁ)

Uncorrelated spins There are correlated particles

Figure 10:
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Detecting quantum correlations

Q —function for highly
Q><0Rkl XOR;|£) (a, ) correlated states

Measure of quantum fluctuations Y = ZQZW\\’,(a,ﬂ) <Y
a,p '

‘n1>1""nN >N

Figure 11:

15



