
Introduction to discrete calculus
Algebraic operations mod p, p-a prime number:

integers f0, 1, ..., p ¡ 1g form a commutative group with respect to summa-
tion and f1, ..., p ¡ 1g form a group with respect to multiplication.

a) a ¢ b = c 2 Zp

b) exists a e neutral element a ¢ e = e ¢ a = a,

c) For any a exists inverse elements a¡1 : a ¢ a¡1 = a¡1 ¢ a = e,

where ¢ means summation or multiplication.
Such structure is called an algebraic …eld Zp .

Let us consider p - dim Hilbert space H and fjni, n = 0, ..., p ¡ 1g as an
orthogonal basis.

Basic operators X and Z

Zjni = ω(n)jni ! Z =

p¡1X
n=0

ω(n)jnihnj,

Xjni = jn + 1i ! X =

p¡1X
n=0

jn + 1ihnj, .

where

ω = e
2πi

p , ω(n) = ωn,

p¡1X
n=0

ω(nk) = pδk,0.

X, Z are cyclic operators:

Zp = Xp = I

Commutation relations

ZXjni = ω(n + 1)jn + 1i, XZjni = ω(n)jn + 1i,
so that

ZX = ωXZ,

fZ, Xg form the generalized Pauli group.
Example: Z3

Z =

0
@ 1 0 0

0 ω 0
0 0 ω2

1
A , X =

0
@ 0 0 1

1 0 0
0 1 0

1
A , ω = e2πi/3

Dual basis fj~nig where Z acts displacements

Zj~ni = j gn + 1i, Xj~ni = ω¤(n)j~ni, (1)
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X is diagonal is diagonal in the dual basis j~ni
The expansion

j~ni = c

p¡1X
k=0

ω(nk)jki ! h~nj~ni = 1 ! c =
1p
p
.

The operator which maps jni into j~ni,
j~ni = F jni, (2)

is the …nite Fourier transform

F =
1p
p

p¡1X
k,n=0

ω(nk)jnihkj, FF y = F yF = I.

p = 2 : k = ¡k

F 2 =
1

2

2X
k,n,k0=0

ω(k(n + k0))jnihk0j = I

p 6= 2

F 2 =
1

p

p¡1X
k,n,k0=0

ω(k(n + k0))jnihk0j =

p¡1X
k

j ¡ kihkj = P,

P is the parity operator,
F 4 = P 2 = I, (3)

The relation between X and Z via the …nite Fourier transform,

X = F

p¡1X
n=0

ω(¡n)jnihnjF y

= FP

p¡1X
n=0

ω(n)jnihnjPF y,

thus
X = F yZF. (4)

Orthogonality relations:

Tr(XnXym) = pδmn, Tr(ZnZym) = pδmn, Tr(ZnXm) = pδm0δn0.

The displacement operators

D(α,β) = eiφ(α,β)ZαXβ,

D (α, β)Dy (α,β) = I
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form an operational basis in H:

f̂ =
1

p

p¡1X
α,β=0

fαβD(α, β). (5)

Orthogonality relation

Tr
¡
D(α,β)Dy(α0, β0)

¢
= pδα,α0δβ,β0 ,

so that
fαβ = Tr

³
f̂Dy(α,β)

´
.

Example:

jkihkj $ fαβ(k) = Tr
£jkihkjDy(α, β)

¤
=

= e¡iφ(α,β)ω(¡kα)δβ,0,

Drawback: jkihkj is Hermitian, but fαβ(k) is a complex function
This means that we can map f̂ 2 Op(H) into fα,β which is a function of

discrete variables de…ned on a discrete 2-dim space M . The coordinates (α, β)
in M are given by the powers of Z and X, respectively. Due to the periodicity of
Z and X the space M is di¤eomorphic to a bidimensional discrete torus. The
action of the operator D(α0,β0) on an arbitrary point (α,β) on the manifold
is just the displacement (α + α0, β+ β0), for this reason D(α0, β0) is called a
displacement operator.

1 Discrete phase space geometry

The discrete phase-space: collection of points of two-dim grid (α, β) 2 Zp £ Zp

Lines:

aα+ bβ= c, a, b, c 2 Zp

Equation
aα = c

has a unique solution on Zp

α = a¡1c.

Parallel lines:

aα+ bβ = c

a0α+ b0β = c0,

with
b

a
=

b0

a0 ! ba0 = ab0.
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Figure 1:

have no common points.
If the lines are not parallel they cross at a single point with the coordinates

α=
c0 ¡ b0b¡1c

a0 ¡ ab0b¡1
, β=

c0 ¡ a0a¡1c

b0 ¡ a0a¡1b
.

Ray is a line which passes through the origin

β= mα, or α= 0.

There are p ¡ 1 parallel lines to each of p + 1 rays: the total number of lines is
p(p + 1).

Points of each ray form an Abelian group:

(α, mα) + (α0, mα0) = (α+ α0, m(α+ α0))

The collection of p parallel lines is called striation.

Displacement in the discrete phase space

General association:
(α, β) , D(α, β)
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Figure 2:

Example: Z3

The displacement operators corresponding to the same ray commute

β = mα, [D(α, mα), D(α0,mα0)] = 0,

α = 0 , [D(0, β), D(0, β0) = 0.

Example: all the possible rays for Z3

β= 0 ! Z,Z2

β= α ! ZX, Z2X2

β= 2α ! ZX2, Z2X4

α = 0 ! X, X2.

The set fZαXmαg with …xed m has p di¤erent eigenvectors jψn
mi, n =

0, ..., p ¡ 1
Let us associate the ray β= mα with an eigenstate jψ0

mi of D(α, mα)

D(α,mα)jψ0
mi = eiξ0

m jψ0
mi

all the other eigenstates are related to jψ0
mi

jψn
mi = Xnjψ0

mi,

D(α,mα)jψn
mi = eiφ(α,β)ZαXmαXnjψ0

mi = ω(nα)eiξ0
mjψn

mi,
jψn

mi is associated with the line β= mα+ n,
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Figure 3:

Orthogonality of two states with indices belonging to the same foliation

hψn
mjψn0

mi = δn,n0 .

Rotations in the phase space

Rotation operator V
V ZαV y = ϕZαXα, (6)

where ϕ is a phase factor and

[V,X] = 0. (7)

Since V is diagonal in the basis fj~nig

V =

p¡1X
n=0

cnjenihenj, c0 = 1. (8)

The left-hand side of 6)

V ZαV y =

p¡1X
n,n0=0

cn0c¤
njen0ihen0jZαjenihenj

=

p¡1X
n=0

cn+αc¤
nj gn + αihenj,
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The right -hand side of (6)

ZαXα = ZαXα

p¡1X
n=0

jenihenj =

p¡1X
n=0

ω(¡nα)j gn + αihenj,

the equation for cn

cn+αc¤
n = ϕω(¡nα), ! jcnj2 = 1, (9)

(10)

cα = ϕ = ω(¡2¡1α2). (11)

A particular solution for p 6= 2

cn = ω(¡2¡1n2),

thus

V =

p¡1X
n=0

ω(¡2¡1n2)jenihenj,

V ZαV y = ω(¡2¡1α2)ZαXα.

According to that we get

V mZα(V y)m = ω(¡2¡1mα2)ZαXmα. (12)

Example: Z3

ω = exp(2iπ/3)

V = je0ihe0j + exp(2iπ/3)je1ihe1j + exp(¡2iπ/3)je2ihe2j

From the geometric point of view powers of V m produces rotations from one
ray to another one:

λ0
V! λ1

V! λ2| {z }
V 2

,

V m : (α, 0) ! (α,mα) : λ0 ! λm,

i.e. from the horizontal ray β= 0 one can obtain all the rays except α= 0
More generally, for odd p:

D(α, (m + 1)α)[V jψn
mi] = ω(nα)eiξ0

m[V jψn
mi],

the states V jψn
mi are associated with the striation β= (m + 1)α

For p = 2
cn+1c

¤
n = ϕω(¡n), c0 = 1, c1 = ϕ = §i,
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and (6) reads

V ZV y =

·
1 0
0 i

¸
Z

·
1 0
0 ¡i

¸
= iZX.

V is a cyclic operator
V p = I.

One cannot reach (0, β) from (α, 0). The transformation (0, β) ! (α, 0) is
performed by the Fourier transform

Xα = F yZαF

The operator

U = FV F y =

p¡1X
k=0

c¡njnihnj, (13)

transforms
UZαXmαUy » Z(1¡m)αXmα,

and allows to obtain from the ray α= 0 any other ray except β= 0

β= mα
U! (1 ¡ m)β= mα,

Discrete squeezing operator

Sλ =
X

κ

jκihλκj . (14)

The following relations hold

Sy
λZαSλ = Zαλ¡1

, Sy
λXαSλ = Xαλ , (15)

The operators V, U,S are elements of the Cli¤ord group C, which is a stabilizer
of the Heisenberg-Weyl group, i.e, HW group is an invariant subgroup of the
HW group

CD(α, β)C¡1 » D(γ, δ)

2 Discrete Wigner function
Construct the kernel as a double Fourier transform of the displacement operator:

ŵ(α, β) =
1

p

p¡1X
γ,δ=0

ω(αδ ¡ βγ)D(γ, δ), (16)

the orthogonality relation

Tr
¡
ŵ(α,β)ŵy(α0,β0)

¢
= pδα,α0δβ,β0 . (17)
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The kernels (16) form an operational basis

f =

p¡1X
α,β=0

Wf(α,β)ŵ(α,β) $ Wf (α, β) =
1

p
Tr

³
f̂ ŵ(α,β)

´
. (18)

Let us impose the condition

fy $ W ¤
f (α, β)

so that

fy =

p¡1X
α,β=0

W ¤
f (α,β)ŵy(α,β) =

p¡1X
α,β=0

W ¤
f (α, β)ŵ(α,β)

therefore ŵ has to be a Hermitian operator.

ŵ = ŵy

This also gives a phase condition

ŵy =
1

p

p¡1X
γ,δ=0

ω(αδ ¡ βγ)e¡iφ(¡γ,¡δ)ω(¡γδ)ZγXδ,

so
ω(¡γδ) = eiφ(γ,δ)+iφ(¡γ,¡δ). (19)

A particular solution of (19) is for odd primes

φ(γ, δ) = ω(¡2¡1γδ),

for p = 2,
φ(γ, δ) = (§i)¡γδ .

ŵ(α, β) is covariant

D(µ,ν)ŵ(α, β)Dy(µ,ν) = ŵ(α+ µ,β+ ν).

The symbol of a transformed operator

f̂ = D(µ,ν)fDy(µ, ν),

has the form

W
f̂
(α,β) =

1

p
Tr(D(µ, ν)fDy(µ,ν)ŵ(α,β))

= Wf(α¡ µ,β¡ ν).

An explicitly covariant representation of (16) is

ŵ(α, β) =
1

p
D(α, β)

2
4 p¡1X

γ,δ=0

D(γ, δ)

3
5 Dy(α, β).
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For odd p:

1

p

p¡1X
γ,δ=0

D(γ, δ) =
1

p

p¡1X
k=0

p¡1X
γ,δ=0

ω((k + 2¡1δ)γ)jk + δihkj = P,

The normalization condition for (16)

Trŵ(α, β) =
1

p

p¡1X
γ,δ=0

ω(αδ ¡ γβ)φ(γ, δ)Tr(ZγXδ) = 1

as φ(0, 0) = 1.
Thus

Trf =

p¡1X
α,β=0

Wf(α, β).

Note that if

f =

p¡1X
α,β=0

fαβD(α, β),

then the symbol of the operator f̂ can be obtained as

Wf (α,β) =
1

p

p¡1X
µ,ν=0

fµνTr (D(µ, ν)ŵ(α,β)) (20)

=
X

µ,ν=0

fµνω(¡αν+ βµ).

The trace condition leads to

Tr(fg) = p

p¡1X
α,β=0

Wf(α,β)Wg(α,β).

Examples:

Wjnihnj =
1

p

p¡1X
γ,δ=0

ω(αδ ¡ βγ)Tr (jkihkjD(γ, δ))

=
1

p

p¡1X
γ,δ=0

ω(αδ ¡ βγ)φ(γ, 0)ω(nγ)δδ,0 = δβ,n;

WZ =
1

p

p¡1X
γ,δ=0

ω(αδ ¡ βγ)Tr(ZD(γ, δ))

=

p¡1X
γ,δ=0

ω(αδ ¡ βγ)δδ,0δγ,¡1 = ω(β),
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3 General maps
De…ne "discrete coherent states"

jα,βi = D (α,β) jψ0i
consider the projector

ŵ(¡1)(α,β) = jα,βihα,βj
X
α,β

jα, βihα,βj = pÎ

D (α,β) jψ0i hψ0jDy (α,β) =
1

p

X
m,n

tr
£
D (α,β) jψ0i hψ0jDy (α,β)D (m,n)

¤
D (m,n)

=
1

p

X
m,n

tr
£hψ0jDy (α,β)D (m,n)D (α, β) jψ0i

¤
D (m,n)

=
1

p

X
m,n

eiφ(m,n)tr [hψ0jXβZαZmXnZαXβ jψ0i] D (m,n)

=
1

p

X
m,n

ω (αn + βm) tr [hψ0jD (m, n) jψ0i] D (m,n) = ŵ(¡1)(α,β)

map generated by ŵ(¡1)(α,β)

Qf(α, β) = Tr(f̂ ŵ(¡1)(α,β)) = hα, βjf̂ jα, βi,
Inverse expansion

f̂ =
X
α,β

Pf(α, β)jα,βihα,βj,

Pf (α,β) = tr
h
f̂ ŵ(s=1) (α,β)

i
so that

Tr( f̂ ĝ) =
X
α,β

Pf(α, β)Qg(α, β)

General map

ŵ(s) (α,β) =
1

p

X
γ,δ

(¡1)αδ+βγ [hξjD(γ, δ) jξi]¡s D(γ, δ), (21)

Traciality relation

Tr
³
ŵ(s)(α,β)ŵy(¡s)(α0,β0)

´
= pδα,α0δβ,β0
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D̂(m, n) ŵ(s)(α, β) D̂y(m,n) = ŵ(s)(α+ m, β+ n) . (22)

Covariant form

ŵ(s)(α,β) = D̂(α, β) ŵ(s)(0, 0) D̂y(α,β) , (23)

where
ŵ(s)(0, 0) =

1

d

X
α,β

D̂(α,β) hψ0jD̂(α,β)jψ0i¡s , (24)

Fiducial state: symmetric states

¯̄hψ0jZαXβ jψ0i
¯̄2

=
1 + pδα,0δβ,0

1 + p
, (25)

then overlap of two DCS

¯̄­
α,βjα0,β0®¯̄2 =

1 + pδα,α0δβ,β0

1 + p
. (26)

Transformation under discrete symplectic operations

WVmρV y
m

(a, b) = Wρ(a, b ¡ ma) (27)

WUmρUy
m

(a, b) = Wρ(a ¡ mb, b) (28)

W
SqρS

y
q
(a, b) = Wρ

¡
qa, q¡1b

¢
(29)
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