Introduction to discrete calculus

Algebraic operations mod p, p-a prime number:
integers {0,1,...,p — 1} form a commutative group with respect to summa-
tion and {1,...,p — 1} form a group with respect to multiplication.

a) a-b=ce Z,
b) exists a e neutral element a-e =¢-a = a,
1 -1 -1

¢) For any a exists inverse elements a™ :a-a ' =a ' -a=e,

where - means summation or multiplication.
Such structure is called an algebraic field Z,, .

Let us consider p - dim Hilbert space H and {|n),n =0,...,p — 1} as an

orthogonal basis.
Basic operators X and Z

Zn) = wn)ln) — Z =7y w(n)n)(nl,
n=0

p—1
Xn)=[n+1) — X=>"|n+1)(nl,.
n=0
where
p—1
27i
w=er, wn)=w", Zw(nk) =Dl o-
n=0
X, Z are cyclic operators:
ZP=XP =17

Commutation relations

ZXIn) =wn+1)n+1), XZn)=wh)n+1),

so that
ZX =wXZ,
{Z, X} form the generalized Pauli group.
Example: Z3
1 0 0 0 0 1 _
Z=[0 w 0 |, X=110 0|, w=e™/?
0 0 w? 010

Dual basis {|71)} where Z acts displacements

Zli) = In+1),  X[A) = w*(n)]7), (1)



X is diagonal is diagonal in the dual basis |71)
The expansion

p—1
1
7y =¢ Y wnk)lk)y— () =1—c=—.
> v
The operator which maps |n) into |7),
[n) = Fln),
is the finite Fourier transform
Z w(nk)|n)(k|, FF'=FiF=1.
k ,n=0
p=2:k=—k
12
=3 > wlk(n+K)n)(k | =1
k,n,k'=0
p#2
1 p—1 p—1
F? =2 ) wlk(t K)mk] =3[ = k) (k| = P
k,n,k'=0 k

P is the parity operator,
F*=P* =1,

The relation between X and Z via the finite Fourier transform,

X = FZw n)|n)(n|FT

= FPZw )|n) (n|PFT,

thus
X =F'ZF

Orthogonality relations:

Tr(X"X™) = pdpn, Tr(Z"Z") = pdpn, Tr(Z"X™) = pOmono-

The displacement operators

D(Oé,ﬁ) = éuﬂaﬁ)ZaXﬁ:

D(a,B) DM (a,8) = 1



form an operational basis in H:

3
L

f: faﬁD(a7B)'

D=
L
T
)

Orthogonality relation
Tr (D(a, B)D' (e, B')) = pda,ards,5,

so that for = Te (§Di(@.5)

Example:

k) (K| < fap (k)

Ti k) (k1 D' e, 8)] =
e (@B w(—ka)d 5,0,

Drawback: |k)(k| is Hermitian, but fuz(k) is a complex function

This means that we can map f € Op(H) into f, 3 which is a function of
discrete variables defined on a discrete 2-dim space M. The coordinates («, )
in M are given by the powers of Z and X, respectively. Due to the periodicity of
Z and X the space M is diffeomorphic to a bidimensional discrete torus. The
action of the operator D(c/,3") on an arbitrary point (c,3) on the manifold
is just the displacement (o + o, 8 + /'), for this reason D(c/, ') is called a

displacement operator.

1 Discrete phase space geometry

The discrete phase-space: collection of points of two-dim grid (a, §) € Z, x Z,,

Lines:
ac+b8=c, a,b,ce Z,
Equation
aq =c
has a unique solution on Z,
a=alec
Parallel lines:
ax+b8 = ¢
da+b'pg = ¢,
with ) ”
- =— —ba =ab.
a a



L =2a+1

f=a+2

Figure 1:

have no common points.
If the lines are not parallel they cross at a single point with the coordinates

d—bble d —date

T v = b —a'a=1b’
Ray is a line which passes through the origin
B=ma, or a=0.
There are p — 1 parallel lines to each of p + 1 rays: the total number of lines is
p(p+1).
Points of each ray form an Abelian group:

(a, ma) + (o/,ma’) = (a+ o ,m(a + o))

The collection of p parallel lines is called striation.

Displacement in the discrete phase space

General association:

(a, B) & D(a, B)



Figure 2:

Example: Z3
The displacement operators corresponding to the same ray commute

B = ma< [D(a,ma), D(a’,ma)] =0,

a = 0 [D0,5),D0,5)=0.

Example: all the possible rays for Z3

=0 — Z7°
f=a — ZX,7°X?
=20 — ZX? 72X4
a=0 — X, X%

The set {Z*X™“} with fixed m has p different eigenvectors |i);,), n =
0,...,p—1
Let us associate the ray 8 = ma with an eigenstate [2,) of D(a, ma)

D(a, ma)[%,) = e [y2,)

all the other eigenstates are related to |12,)

Um) = X"m),

D(a,ma)|yl) = e#@d zaxmexnydy = o(na)en|yr),

|1} is associated with the line = ma + n,



a=0(X,X*)  pg=a(2X,22X?)
N
2
N B=2a(ZX* Z°X)

— B=0(2,Z°)
—

0 1 2
Figure 3:

Orthogonality of two states with indices belonging to the same foliation

W) = -

Rotations in the phase space

Rotation operator V'
VZoVT =z X, (6)

where ¢ is a phase factor and
[V, X]=0. (7)

Since V is diagonal in the basis {|7)}

p—1
V=S cli) @, =1 (8)
n=0
The left-hand side of 6)
p—1
VZevt = N cudh 0@ |1 2% 0) (7l
n,n’'=0
p—1
= Z CntaChln + a){(n],

n=0



The right -hand side of (6)

p—1 p—1
ZoX% = 72Xy |aynl =Y w(—na)ln + o),
n=0 n=0
the equation for ¢,
CH-HIC:L = (,0(,0(*710&), - |Cn|2 = 17 (9)
(10)
ca = p=w(-2"1a?). (11)
A particular solution for p # 2
Cn = w(—271n?),
thus
p—1
Vo= ) w2t ),
n=0
VZevt = w(-27'a?)zeXxe.
According to that we get
VmZAVH™ = w(—2"tma?) 29X ™, (12)
Example: Z3
w = exp(2in/3)
V= |0){0] + exp(2im /3)|1) (1| + exp(—2im/3)[2) (2]

From the geometric point of view powers of V™ produces rotations from one
ray to another one:

Ao 2 A D A,
—_——
V2
V™ (a,0) — (o, ma) : Adg — A,

i.e. from the horizontal ray 8 = 0 one can obtain all the rays except a =0
More generally, for odd p:

D(a, (m+ 1)a)[V]p,)] = w(na)e’ [V [¢y,)],
the states V|i ) are associated with the striation 8 = (m + 1) «

Forp=2
Cn1C, = pw(—n), =1, a =¢==*i,



and (6) reads

V' is a cyclic operator
VP =1

One cannot reach (0,3) from (a,0). The transformation (0,3) — (a,0) is
performed by the Fourier transform

X =FizZeF
The operator
p—1
U=FVF =3 c_.n)(n|, (13)
k=0

transforms
UzaXmaUT ~ Z(l—m)aXma7

and allows to obtain from the ray a = 0 any other ray except 5 =0
B:mag (1 -=m)B =ma,

Discrete squeezing operator
Sy =Y [m){(Anl. (14)

The following relations hold
S ZoSh = 727" S{XaSy = X, (15)

The operators V, U, S are elements of the Clifford group C, which is a stabilizer
of the Heisenberg-Weyl group, i.e, HW group is an invariant subgroup of the
HW group

CD(e, B)C™" ~ D(7,9)

2 Discrete Wigner function

Construct the kernel as a double Fourier transform of the displacement operator:

i 1
w(a, )=~ ) wlad — y)D(7,9), (16)
p v,6=0
the orthogonality relation
Tr ('lZJ(Oé,B)'lZJT(O/,B/)) :péa,a/éﬁ,ﬁ/' (17)



The kernels (16) form an operational basis

F= S Wi, Bia,B) < Wi(aB) = ;ﬁTr (fia.8). ()

«o,3=0
Let us impose the condition

f1 e Wia, B)

so that
p—1 p—1
fh=3 Wila.pya'(e, )= ) Wila,B)ila,f)
a,3=0 a,B=0
therefore w has to be a Hermitian operator.
W = b
This also gives a phase condition
14 .
W= - Z w(ad — By)e 1Dy (—~8) Z7X°,
p ~,6=0
SO
w(—7d) = etP(1:0)+id(=v,—-9) (19)

A particular solution of (19) is for odd primes

¢(7,0) =w(-27199),
for p = 2, 5
¢(7,0) = (+i)77°.
w(a, B) is covariant
D(p,v)ib(er, ) DY (1, v) = (e + i, f + v).
The symbol of a transformed operator

f=D(p,v) D (p,v),

has the form

Wi.8) = STe(D(u)f D (1 )i(o, )
= Wf(affhﬁfy)'

An explicitly covariant representation of (16) is

D(e,B) | 3 Do) | Dlas ).

v,6=0

i, B) = Z%



For odd p:

1 p—l 1 p—1 p—1
= =33 w((k+27" )|k + 6) (k| = P,
p 7,6=0 p k=0 ~,6=0

The normalization condition for (16)

p—1
Tria,6) =5 3 w(ad —18)0(7,6)TH(Z7X?) =
~v,6=0
as ¢(0,0) = 1.
Thus
p—1
Tof = Y Wi(a,B).
o, =0
Note that if
p—1
f=" fasD(a,B),
a,3=0

then the symbol of the operator f can be obtained as

Wf(Oé,B) = - Z f,ul/Tr )w(a7ﬁ))
,ul/ =0
- Z f,uuw(fay+ﬁlu)'
p,v=0

The trace condition leads to

p—1
Te(fg)=p > Wila, B)Wy(a, B).
«o,3=0
Examples:
152
~,6=0
152
=5 w(ad — By)d(v, 0)w(ny)ds,0 = dp,n;
~,6=0
124
Wy, = - w(ad — )T (ZD(v,9))
p'yé 0
p—1
= w(ad — £7)ds5,00,,—1 = w(fB),
v,6=0

10



3 General maps
Define "discrete coherent states"

|, 8) = D (a, B) [tho)

consider the projector

(e, B) = o, B)a, B

> les ), Bl = pl

a,f

D ) ) 0 D (@8 = 2340 (D) ) (1D (@) D ()] D o)
= 250 [0l D (@) Do) D (0 5) 4] D ()

1 .
= 1_7 Z ew(m’n)tT [<’l/10| X,BZaZanZaXﬁ |'L/JO>] D (m7n)

m,n

= %}Zw (am + Bm) tr [(Yo| D (m,n) |1h)] D (m,n) = o~ (e, B)

map generated by @~ (e, B)

Qsla, B) = Tr(fuw' " (a, B)) = (o, BI f|cv, B),

Inverse expansion

f

> Pi(a, B)la, B){a, Bl
a,B

Py(a.B) = tr[fa=) (a.8)

so that

Tr( f9) =Y Prla, H)Qy(c, B)
a,B

General map

0 (0,8) = 3 3 (<" (6] D) €] D). (21)

V7,0

Traciality relation

Tr (w<5>(a,5)w“—5) (o/,ﬁ')> = POa,ar0p,p

11



ﬁ(m, n) w<5>(a, B) ﬁt(m,n) = w<5)(a +m,B+n).

Covariant form

(e, B) = D(ev, B) 0*(0,0) D¥ (e, B) ,

where
1

(0,0 le[; o, B) (| D, B)|g) =

Fiducial state: symmetric states

)

|2 . 1 +p5a705,370

[(Wol2° X7 )| = ==

then overlap of two DCS

2 1 +p6a,o/6,8,,8/

|<OZ7B|O/7B/>| 1+p

Transformation under discrete symplectic operations

WVmpVTL (a,b) =W, (a,b—ma)
Wy out (a,b) = W, (a —mb,b)
Wi, psi (a:0) =W, (qa,¢7"b)

12

(25)



