
Classical Hamiltonian mechanics
CHM: manifold M + Poisson structure
xi - local coordinates in M
ωjk = ¡ωkj de…ne Poisson brackets :
if f and g are functions on M

ff, gg = ωjk∂jf∂kg

if ωjkis non-degenerated ) exist ωjk : ωjkωjl = δk
l

and 2-form is de…ned
ω = ωjk(x)dxj ^ dxk

Being M a di¤erentiable manifold of dimension 2n.
Symplectic form on M is a closed non-degenerated 2-form:

det jjωjkjj 6= 0, dω = 0

(M,ω) is called symplectic manifold

Darboux Theorem: in a symplectic manifold one can introduce local coor-
dinates (p, q) such that:

ω = dpj ^ dqk,

fpj , q
kg = δk

l , fpj, pkg = fqj, qkg = 0

Classical observable: a real smooth function on M
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Symmetry group

Being G is a Lie group and M is a symplectic manifold.

Action G on M is a smooth application ψ:
G £ M ! M such that for any x 2 M and every g 2 G

1. ψ(g, x) 2 M
2. ψ(e, x) = x

3. ψ(g1, ψ(g2x)) = ψ(g1g2, x)

G acts transitively on M

x, x0 2 M ) x0 = g ¢ x
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Quantization problem

Dirac quantization rule

Find a linear correspondence:

F1(M) ! Op(H)

F1(M) - set of classical observables on M
H - a Hilbert space
Op(H) - set of Hermitian operators acting in H

f ! f̂ , g ! ĝ, f̂ , ĝ 2 Op(H)

that satisfy the correspondence rule (commutation relation)

ff, gg ! ¡ i

¹h
[f̂ , ĝ]

Ejample: M = R2

Linear functions:

q ! q̂, p ! p̂, [q̂, p̂] = i¹h

Quadratic functions:

q2 ! q̂2, p2 ! p̂2

qp =
1

4

³
(q + p)2 ¡ (q ¡ p)2

´
! 1

2
(q̂p̂ + p̂q̂)

cubic functions
qp2 !??
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Symmetry quantization
Being G a symmetry group of M, H is a Hilbert space where G acts irreducible
by unitary are operators Tg.

For every f on M …nd the correspondence

f(x) ! f̂ , f̂ 2 Op(H)

that preserve the commutation relations and is covariant under action of G:

f(g¡1 ¢ x) ! Tg f̂ T y
g ,

Weyl quantization

Consider M = R2. Quantization R2 ! H = L2(R1)

Linear functions

q ! q̂, p ! p̂, [q̂, p̂] = i¹h

q̂ψ(ξ) = ξψ(ξ), p̂ψ(ξ) = ¡i¹h∂ξψ(ξ), ψ(ξ) 2 L2(R1)

Arbitrary functions

f(p, q) =
1

(2π)2

Z
dxdye¡ixq¡iyp

Z
dq0dp0eixq0+iyp0

f(p0, q0)

Quantization

e¡ixq¡iyp ! Ê(x, y) =

8>><>>:
e¡ixq̂¡iyp̂

e¡ixq̂e¡iyp̂

e¡iyp̂e¡ixq̂

...

so that

f(p, q) ! f̂ =
1

(2π)2

Z
dxdyÊ(x, y)

Z
dqdpeixq+iypf(p, q)
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Weyl form

f̂ =
1

2π

Z
dqdpŵ(p, q)f(p, q)

where

ŵ(p, q) =
1

2π

Z
dxdyÊ(x, y)eixq+iyp

ŵ(ξ), ξ= (p, q) - a quantizer kernel 2 Op(H)

ξ2 R2 symmetry group is H(1) : g = (µ,ν; z) 2 H(1)

g = (x, y; z) = exp

µ
izI ¡ i

¹h
xq̂ ¡ i

¹h
yp̂

¶
Action of H(1) on R2 = f(p, q)g

g¡1(p, q) = (p ¡ µ, q + ν, )

Symplectic structure on R2

ff, gg = ∂pf ∂qg ¡ ∂qf ∂pg

fp, qg = 1, 2 ¡ form ω = dp ^ dq

Properties of ŵ(ξ)

1. Covariance: Tgŵ(p, q)T y
g = ŵ(g ¢ ξ), g¡1 ¢ ξ= (p ¡ µ, q + ν)

2. Hermiticity: ŵ(p, q) = ŵy(p, q)

3. Normalization: Trŵ(p, q) = 1

4. Traciality: Tr (ŵ(p, q)ŵ(p0, q0)) = 2πδ (p ¡ p0) δ (q ¡ q0)
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Inversion problem
The traciality

Tr (ŵ(p, q)ŵ(p0, q0)) = 2πδ (p ¡ p0) δ (q ¡ q0)

allows to invert the quantization

f̂ =
1

2π

Z
dqdpŵ(p, q)f(p, q)

giving

f(p, q) = Tr
³
ŵ(p, q)f̂

´
= Wf(p, q)

Wf(p, q) - is a symbol of f̂

Isomorphism generated by ŵ(p, q)

f̂
ŵ(p,q)$ Wf (p, q)

Properties of Wf (ξ= (p, q))

1. Wfg(ξ) = Wf(g¡1 ¢ ξ), f̂g = Tg f̂T y
g

2. WI(ξ) = I

3. Wfy(ξ) = W ¤
f (ξ)

4. Tr
³
f̂ ĝ

´
= 1/2π

R
d2ξWf (ξ)Wg(ξ), d2ξ= dqdp

Particular case: f̂ = ρ- density matrix
Wρ(ξ) - quasidistribution function

Wρ(ξ) contains the same information as ρ
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Moyal-Weyl quantization program
Given (M,G,H)

M -a symplectic manifold (classical phase-space)
G - an invariance group of M
H - a Hilbert space

establish a linear map
F1(M) ! Op(H)

generated by a kernel ŵ(ξ) 2 Op(H), ξ2 M such that

1. Tgŵ(ξ)T y
g = ŵ(g ¢ ξ), g 2 G

2. ŵ(ξ) = ŵ(ξ)y

3. Trŵ(ξ) = 1

4. Tr
¡
ŵ(ξ)ŵ(ξ0)

¢
= ¢(ξ, ξ0)

where ¢(ξ, ξ0) - is a reproductive kernel:Z
M

dµ(ξ)¢(ξ,ξ0)g(ξ) = g(ξ0)

being dµ(ξ) - invariant measure on M
If such ŵ(ξ) exists, then
the quantization procedure

f(ξ) ! f̂ =

Z
M

dµ(ξ)ŵ(ξ)f(ξ)

the de-quantization procedure

f̂ ! Wf(ξ) = Tr
³
ŵ(ξ)f̂

´
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Coherent states of a group G

Being Tg unitary irrep of G in a Hilbert space H.

An orbit jψgi of a state jψ0i 2 H is

jψgi = Tgjψ0i, for all g 2 G

A stationary subgroup G0 ½ G of jψ0i

Tg0 jψ0i = eiφ(g0)jψ0i, g0 2 G0

Coherent states of G: is a set of orbits

jξgi = T~gjψ0i, ~g 2 G/G0

D(ξ) ´ T~g

which means identi…cation

eiφ(g0)jψgi ´ jξgi, para for all φ(g0)

The coset space G/G0 is a homogeneous space for G, ξg 2 G/G0

Properties of CS

1. Stability: Tgjξi = eiφ(g)jξi

2. Completness:
R
G/G0

dµ(ξ)jξihξj = I

where dµ(ξ) is the invariant measure on G/G0

Choice of the …ducial state jψ0i - G0 is the maximal subgroup of G
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Ejamples

Heisenberg-Weyl group H(1)
the basis of irrep jni, n = 0, 1, 2, ..
…ducial state jψ0i = j0i, aj0i = 0
invariant subgroup G0 = (0, 0; z) = feizIg
the manifold H(1)/G0 = C = (α,α¤),
invariant measure dµ(ξ) = d2α/π
Representation operator over C:

TC = D(α) = exp(αay ¡ αa)

Coherent state
jξi = jαi = D(α)j0i

SU(2) group
the basis of irrep dim = 2S + 1: jk, Si, k = ¡S, ..., S
…ducial state jψ0i = j ¡ S, Si
invariant subgroup G0 = U(1) = fexp(iφSz)g
manifold SU(2)/U(1) = S2 (θ, ϕ),
invariant measure dµ= (2S + 1)/4π sin θdθdφ
Representation operator over S2:

D(θ, φ) = exp

·
¡θ

2

¡
S+e¡iφ ¡ S¡eiφ

¢¸
Coherent states

jθ, φi = D(θ, φ)jS,¡Si
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Ordering problem in Op(H)

+
s-ordered kernels : ŵs(ξ)

+
s-ordered symbols: W

(s)
f (ξ)

ordering examples

Being jξi - CS of G

1. Pf(ξ)- covariant symbols (Glauber) (s = 1)

f̂ ! Pf(ξ), f̂ =

Z
dµ(ξ)Pf(ξ)jξihξj

2. Qf(ξ) - contravariant symbols (Husimi) (s = ¡1)

f̂ ! Qf (ξ), Qf (ξ) = hξjf̂ jξi

so that

Tr(f̂ ĝ) =

Z
M

dµ(ξ)Pf (ξ)Qg(ξ) =

Z
M

dµ(ξ)Qf(ξ)Pg(ξ)

3. Wf (ξ) - self-dual symbols (Wigner) (s = 0)

f̂ ! Wf (ξ)

so that
Tr(f̂ ĝ) =

Z
M

dµ(ξ)Wf (ξ)Wg(ξ)
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A map

f̂ $ W
(s)
f (ξ)

is generated by s-ordered kernel ŵs(ξ)

W (s)
f (ξ) = Tr

³
f̂ ŵs(ξ)

´
,

f̂ =

Z
C

dµ(ξ)ŵ¡s(ξ)W
(s)
f (ξ)

so that

Tr
³
ĝf̂

´
=

Z
M

dµ(ξ)W (s)
g (ξ)W (¡s)

f (ξ)
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General form of the kernel

ŵs(ξ) = D(ξ)P̂sD
y(ξ)

TgP̂sT
y
g = P̂s, g0 2 G0

Example: G = H(1), M = C,H = fjni, n = 0, 1, 2...g

ŵs(α) =
1

π

Z
d2λD(ξ) exp

£
λ¤α¡ λα¤ + sjλj2/2¤

D(α) = exp(αay ¡ αa)

ŵs(α) = D(α)P̂sD
y(α)

P̂s =
1

π

Z
d2λD(ξ) exp

£
sjλj2/2

¤
=

2

1 ¡ s

µ
s + 1

s ¡ 1

¶aya

P̂0 = (¡1)aya
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