Classical Hamiltonian mechanics

CHM: manifold M + Poisson structure
2 - local coordinates in M

wi* = —wkI define Poisson brackets:

if f and g are functions on M

{f7 g} = wjkajfakg

if w/*is non-degenerated = exist w;y, : w/kwj; = §F
and 2-form is defined _
w = wj(x)da? A daF

Being M a differentiable manifold of dimension 2n.
Symplectic form on M is a closed non-degenerated 2-form:

det ||w*|| #0, dw=0

(M,w) is called symplectic manifold

Darboux Theorem: in a symplectic manifold one can introduce local coor-
dinates (p, q) such that:
w=dp; A dq®,

{pj.dy =06 {pjpr}=1{d.¢"} =0

Classical observable: a real smooth function on M



Symmetry group

Being G is a Lie group and M is a symplectic manifold.

Action G on M is a smooth application 1):
G X M — M such that for any x € M and every g € G

1. ¢¥(g,x) e M
2. Yle,x) ==
3. ¥(g1,¢(g22)) = ¥(g192, 2)

G acts transitively on M

r,d eM=2' =g



(Quantization problem

Dirac quantization rule

Find a linear correspondence:
F*(M) — Op(H)

F>°(M) - set of classical observables on M
H - a Hilbert space
Op(H) - set of Hermitian operators acting in H

f—=1F 9—9 [9€O0p(H)
that satisfy the correspondence rule (commutation relation)

1

{f.9y = —51f.9]

Ejample: M = R?

Linear functions:

Quadratic functions:

cubic functions



Symmetry quantization
Being G a symmetry group of M, H is a Hilbert space where G acts irreducible
by unitary are operators Tj,.

For every f on M find the correspondence

f(@)—f, fe€Op(H)
that preserve the commutation relations and is covariant under action of G:
f(g_l x) HTng;7

Weyl quantization
Consider M = R?. Quantization R?> — H = Ly(R')

Linear functions

q—q, p— P, [4,p] =ik

(&) =€(&), Pv(€) = —ihdg(€), (€ € La(RY)

Arbitrary functions

1 —izq—i izq' +iyp’
f(,q) = 2n)? / dzdye™ "4~ "P / dq'dp'e™ TP f(p',q")
Quantization
—iwq—i > e~ ivP
€ 1P E(Zﬁ,y) = e—iy;[)e—im(i
so that
. 1 . o
fp,q) = f= 2n)? / drdyE(z,y) / dqdpe™™ TP f(p, q)



Weyl form
~ 1 R
=5 / dqdpio(p. q) f (p, q)
s

where
1 . o
A _ E 1Tq+1yp
w(pa) = 5 /dxdy (z,y)e
w(€), £ = (p,q) - a quantizer kernel € Op(H)

¢ € R? symmetry group is H(1) : g = (u,v;2) € H(1)
g=\T,Yy;2) =exp |1z ﬁxq ﬁyp
Action of H(1) on R? = {(p,q)}

g 'p9)=p-pq+v,)

Symplectic structure on R?

{f 9} Opf 0499 — Oq f Opg

{p,q} 1, 2— formw=dpAdg

Properties of w(§)
1. Covariance: Tyw(p,q)T) = w(g-£), g7 - &= (p—p,q+v)
2. Hermiticity: w(p,q) = @' (p, q)
3. Normalization: Trw(p,q) =1

4. Traciality: Tr (w(p, q)w(p',q")) =2m0 (p —p')d (¢ — ¢')



Inversion problem
The traciality

Tr (w(p, q)w(p',q") = 2w (p —p') d (¢ — ¢')

allows to invert the quantization
f=t / dqdpio(p, q) f (p, @)
2
giving
f,0) = Tr (@(p,0)f) = Wy (p,q)

W (p, q) - is a symbol of f
Isomorphism generated by w(p, q)

U Wip.q)

Properties of W (£ = (p, q))
L Wy, () = Wy(g™* ), fy = T,/T]
2. Wi(§) =1
3. Wpi(§) =W5(€)

4. Tr (f@) = 1/27de2£Wf(£)Wg(£), d2£ — dqdp

Particular case: f = p - density matrix
W,(€) - quasidistribution function

W,(§) contains the same information as p



Moyal-Weyl quantization program
Given (M, G, H)
M -a symplectic manifold (classical phase-space)
G - an invariance group of M
H - a Hilbert space

establish a linear map
F*(M) — Op(H)

generated by a kernel w(&) € Op(H), £ € M such that
L Tyw()T] =i(g-€), g€ G
2. w(€) = w(§)!
3. Tri(¢) = 1
4. Tr (w(€)(€)) = A€, &)

where A(£,¢') - is a reproductive kernel:

/1@K®A@£UMQ:9@3
M

being du(€) - invariant measure on M

If such w(§) exists, then
the quantization procedure

the de-quantization procedure

f=wie) =1r (9(6)f)



Coherent states of a group G
Being T, unitary irrep of G in a Hilbert space H.
An orbit [¢ ) of a state 1)) € H is

|1/1g) =T,4l1y), forallge G

A stationary subgroup Gy C G of |¢)

Tyolthg) = ew(g“)lwo), go € Go

Coherent states of G: is a set of orbits

€)= Talo), §€G/Go
DE) = T

which means identification

eiab(go)w,g) =|{,), parafor all ¢(go)

The coset space G/Gq is a homogeneous space for G, £ g € G/Gq

Properties of CS

1. Stability: T,|¢) = e"(9)|¢)
2. Completness: fG/GO du(€)EyEl =1

where dpu(€) is the invariant measure on G /G
Choice of the fiducial state |¢y) - Gy is the maximal subgroup of G



Ejamples

Heisenberg-Weyl group H(1)

the basis of irrep |n),n =0,1,2,..
fiducial state |1) = 10), a|0) =0
invariant subgroup Gy = (0, 0; z) = {1}
the manifold H(1)/Gq =C = (o, ™),
invariant measure du(¢) = d?a/7
Representation operator over C:

Te = D(a) = exp(aa’ — aa)

Coherent state

SU(2) group
the basis of irrep dim = 25+ 1: |k, S),k =-S5, ..., S
fiducial state |¢,) =] — S5, 5)
invariant subgroup Go = U(1) = {exp(i$S,)}
manifold SU(2)/U(1) = 8% (0, p),
invariant measure dy = (25 + 1) /47 sin 0dfd¢
Representation operator over S2:
) » .
D(0, ¢) = exp —3 (Sye 0 _ S_ew)

Coherent states

|97 ¢)> = D(97 ¢)|S7 7S>



Ordering problem in Op(H)
I

s-ordered kernels : (&)

J
s-ordered symbols: WJSS) (&)

ordering examples
Being |£) - CS of G
1. P¢(€)- covariant symbols (Glauber) (s = 1)

f—Pie), f= / d(€) P ()IE) (€]

2. Qs(§) - contravariant symbols (Husimi) (s = —1)
f=Qr©), Q&) =lfe)
so that

Tr(fg) = /M d(€) P (€)Qy(€) = /M A(©)Q () Py (€)

3. W (&) - self-dual symbols (Wigner) (s = 0)
f= W)

so that
Tr(fg) = /M A€W (€)W, (€)

10



A map
[ e f 3
is generated by s-ordered kernel w0, (€)

wile) = T (fiu(©).

j - /C au(€)iv_©OW (©)

so that

™ (3f) = /M (W () W (€)
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General form of the kernel

T,PT] = P,, go€Go

Example: G = H(1), M =C,H ={|n),n=10,1,2...}

Ws(a) = % /dQAD(f) exp [N a — Aa* + s|A]* /2]
D(a) = exp(aa’ — aa)
(o) = D(a)P,Di(a)
P = %/dQ)\D(f) exp [s1A/2] = 133 (
B = (-1
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